We use the AdS/CFT correspondence to argue that large dyonic black holes in anti-de Sitter spacetime are dual to stationary solutions of the equations of relativistic magnetohydrodynamics on the conformal boundary of AdS. The dyonic Kerr-Newman-AdS 4 solution corresponds to a charged diamagnetic fluid not subject to any net Lorentz force, due to orthogonal magnetic and electric fields compensating each other. The conserved charges, stress tensor and R-current of the fluid are shown to be in exact agreement with the corresponding quantities of the black hole. Furthermore, we obtain stationary solutions of the Navier-Stokes equations in four dimensions, which yield predictions for (yet to be constructed) charged rotating black strings in AdS 5 carrying nonvanishing momentum along the string. Finally, we consider Scherk-Schwarz reduced AdS gravity on a circle. In this theory, large black holes and black strings are dual to lumps of deconfined plasma of the associated CFT. We analyze the effects that a magnetic field introduces in the Rayleigh-Plateau instability of a plasma tube, which is holographically dual to the Gregory-Laflamme instability of a magnetically charged black string.
Introduction
The AdS/CFT correspondence (cf. [1] for a review) has provided us with a powerful tool to get insight into the strong coupling dynamics of certain field theories by studying classical gravity. In the long wavelength limit, it is reasonable to expect that these interacting field theories admit an effective description in terms of hydrodynamics. One can thus conversely use the equations of fluid mechanics (which, in simple contexts, are much easier to solve than the full set of Einstein's equations) in order to make predictions for the gravity side. This was done in [2] , where the fluid configurations dual to (yet to be discovered) black rings in (Scherk-Schwarz compactified) AdS were constructed 1 .
More recently, it was shown in [4] (cf. also [5] for the four-dimensional case) that the equations of hydrodynamics (i. e., the Navier-Stokes equations) can also be derived directly from Einstein's equations with negative cosmological constant, without making any use of string theory, from which these ideas originally emerged.
The correspondence between gravity in asymptotically AdS spaces and fluid mechanics has interesting consequences: For instance, it is well known that under certain conditions fluids are affected by the so-called Rayleigh-Plateau instability (responsible e. g. for the pinch-off of thin water jets from kitchen taps), and one might ask what the gravity dual of (the relativistic analogue of) this instability is. This point was studied recently in [6] , where it was argued that the gravity dual is the Gregory-Laflamme instability [7] .
In this paper, we shall consider a more general setting in which the charged fluid moves in external magnetic fields. The fluid is thus described by the equations of magnetohydrodynamics (MHD). Such a generalization is of interest for several reasons: First, there are two possible fall-off conditions for a bulk U(1) gauge field: A normalizable mode that corresponds to a VEV of the dual operator (an R-current), and a non-normalizable one corresponding to the application of an external gauge field, that can be thought of as an electromagnetic field. (2+1)-dimensional field theories deformed in this way, that are dual to magnetically charged AdS 4 black holes, have become fashionable recently in the context of a possible holographic realization of condensed matter phenomena like superconductivity [8, 9] , the Hall effect [10] and the Nernst effect [11] . In the long wavelength regime a quantum field theory in presence of external gauge fields is expected to be described by MHD. Second, solving the MHD equations (which, under certain symmetry assumptions, might be much easier than solving the full set of Einstein-Maxwell equations) can be helpful for constructing new magnetically charged black hole solutions in AdS. Furthermore, the phase structure of such AdS black holes can be studied in a simplified setting using magnetohydrodynamics.
We should stress that the magnetic field entering the MHD equations is nondynamical, so that there are no Maxwell equations on the boundary. Note however that, in the same way in which one can promote the CFT metric to a dynamical field [12] , it should be possible to add dynamics also to the magnetic field, although we will not try to do this here.
The remainder of this paper is organized as follows: In section 2, we review general aspects of MHD, like the equation of state and the stress tensor of the fluid under the influence of external magnetic fields. Moreover, we show how the MHD equations emerge from Einstein-Maxwell-AdS gravity. In the following section, we generalize the results of [13] to the case of nonvanishing magnetic fields. We first consider static dyonic black holes in AdS 4 . In an appropriate limit (when the horizon radius r h is much larger than the AdS curvature radius ℓ), these black holes are effectively described by magnetohydrodynamics. Conformal invariance and extensivity imply that the grandcanonical partition function has to take the form
where ζ denotes a chemical potential conjugate to the U(1) electric charge of the fluid, B is the applied magnetic field, and V and T represent the volume and the overall temperature of the fluid respectively. We then show that, using the function h that can be read off from the partition function of static black holes as an input into the MHD equations, we can exactly reproduce the conserved charges, boundary stress tensor and R-currents associated to the rotating dyonic KerrNewman-AdS solutions. Their thermodynamics is very simple: It is summarized by the partition function 1 V ln Z gc = T 2 h(ζ/T, BΞ/T 2 ) Ξ , (
with Ξ = 1 − ω 2 ℓ 2 , and ω is the angular velocity of the black hole.
After that, we solve the Navier-Stokes equations on R × S 1 × S 2 , R × S 1 × R 2 or R × S 1 × H 2 .
This yields predictions for (yet to be constructed) charged rotating black strings in AdS 5 with momentum along the string. In section 4 we consider perturbations around plasma tube solutions of the MHD equations on R × R 2 × S 1 , that are dual to magnetic black strings on Scherk-Schwarz compactified AdS 6 .
These plasma tubes suffer from the long wavelength Rayleigh-Plateau instability, which is shown to be weakened by the presence of a magnetic background. This is exactly what one expects from the known studies of the Gregory-Laflamme instability for magnetically charged black strings in asymptotically flat space, to which the considered SS-compactified AdS black strings are similar. Throughout this paper we use calligraphic letters T , V, B, S, . . . to indicate local thermodynamic quantities, whereas T, V, B, S, . . . refer to the whole fluid configuration. µ and ζ are local and global chemical potentials respectively.
Note added: While this paper was in preparation, ref. [14] appeared that partially overlaps with our section 2.3. If we derive this with respect to λ, set λ = 1 and use
Magnetohydrodynamics

Equation of state
where M is the magnetization density, we obtain
Using the definition (2.1) of Φ, this yields the equation of state
We will see below that large dyonic black holes in AdS 4 indeed have a grandcanonical potential of the form (2.2), with d = 3.
Stress tensor of the fluid
We want to determine now the general form of the stress tensor for our fluid, and we will do this in a derivative expansion in the fluid velocity u µ , following [15] . The zero order term corresponds to a perfect fluid (under the influence of external electromagnetic fields F I µν , labelled by the index I), with stress tensor, charge currents and entropy current given respectively by (cf. e. g. [11] )
where we have introduced the projection tensor
on the directions orthogonal to u µ . ρ = ρ(T , µ I , B J ) is the rest frame energy density, r I = r I (T , µ J , B K ) and s = s(T , µ I , B J ) are the rest frame charge-and entropy densities, while µ I and B J denote the chemical potentials and magnetic fields respectively. The polarization tensor M µλ I is defined by M
Note that the microscopic currents (polarization currents) are given by
whereas J µ I represents the total current density, so that the combination J µ I + ∇ σ M σµ I appearing in (2.7) is the macroscopic or transport current. Notice also that the extra contribution −M µλ I F Iν λ to the stress tensor in (2.7) comes from the coupling of the polarization to the electromagnetic field.
The first subleading order in the derivative expansion of the MHD equations describes dissipative phenomena like viscosity and diffusion. Lorentz invariance and the requirement that the entropy is non-decreasing determine the form of the stress tensor and the currents. Let us introduce diffusion currents q 11) with the constraint u µ q µ I = 0, meaning that the diffusive process is purely spatial according to an observer comoving with the fluid element. Next we introduce the heat flux q µ and the viscous stress tensor, decomposed in a symmetric traceless part τ µν and a trace τ , such that
Again these quantities are purely spatial, and verify the constraints
Note that the new fields q µ I , q µ , τ and τ µν are first order in ∇u. Finally the entropy flux is a linear combination of all the available vectors that are at most first order in ∇u. Therefore 14) where the scalars β and λ I are functions of the thermodynamic parameters.
To determine the most general form allowed for the newly introduced quantities we impose the second law of thermodynamics. To have a non-decreasing total entropy the four-divergence of the entropy flux must be positive,
Projecting the MHD equations on u µ we obtain 16) which can be cast, with some straightforward manipulations, in the form 2 17) with the expansion ϑ = ∇ µ u µ . We have the Euler relation 18) which implies the Gibbs-Duhem relation 19) with the magnetization densities M I . This yields
The entropy density is a function of ρ, r I and B J , so that its gradient reads
The conservation of the charge currents ∇ µ J µ I = 0 yields the relation 3 that, together with (2.17), can be used to put the divergence of the entropy flux in the form
Note that, in order to get (2.24), we assumed that the grandcanonical potential Φ depends on F I only through the invariant F I µν F Iµν (no summation over I), and we defined (B I ) 2 to be given (up to a prefactor) by F I µν F Iµν . This leads to
We ensure that the right hand side of (2.24) is positive or vanishing by requiring that each term be positive or vanishing. This can be easily achieved by choosing
Then, the diffusion currents are given by
where we have introduced the projector Π µν to ensure that the diffusion currents be spacelike, and the diffusion matrix D IJ is positive definite. Moreover, we set 28) where ζ ≥ 0 is the bulk viscosity, and the heat flux is given by 29) with κ ≥ 0 the thermal conductivity of the fluid. Finally, 30) with η ≥ 0 the shear viscosity of the fluid and σ µν the shear tensor,
With these definitions, we find 32) which is positive by construction. Notice finally that the stress tensor in (2.7) is traceless on account of the equation of state (2.6).
MHD equations from gravity
In this section, we consider Einstein-Maxwell-AdS gravity in D dimensions and show that at leading order the boundary theory dual to a charged D-dimensional AdS black hole reduces to magnetohydrodynamics in d = D − 1 dimensions in the long wavelength sector. We follow the usual procedure to foliate asymptotically the spacetime with timelike hypersurfaces Σ r and regularize the action by adding appropriate boundary counterterms. Then, in the r → ∞ limit, the Brown-York stress tensor has a finite limit, the renormalized holographic stress tensor of the dual CFT. The projection of the Einstein-Maxwell equations on Σ r then shows that this stress tensor together with the boundary gauge fields satisfy the equations of magnetohydrodynamics on the boundary. We can interpret this as the leading contribution in the derivative expansion to the boundary MHD equations describing the long wavelength sector of gravity. The Einstein-Maxwell action with negative cosmological constant Λ = −(D − 2)(D − 1)/2ℓ 2 reads 33) where I CS is the Chern-Simons term, present in the D = 5 case. M, N, . . . are bulk indices, whereas µ, ν, . . . refer to the boundary. In this subsection (and only here), we refer to the bulk gauge field as F M N to distinguish it from the boundary gauge field. In all other sections of the paper we do not need such a distinction. Σ R denotes the boundary hypersurface r = R with outward pointing unit normal n M , and induced metric
K is the trace of the extrinsic curvature defined by (with D M the bulk covariant derivative)
Finally, I ct are the usual boundary counterterms needed to obtain a finite action in the limit R → ∞. We shall not need the precise form of I ct , but only the fact that their variation with respect to the metric is divergence-free,∇
Here we have defined∇ µ as the induced covariant derivative on Σ R . Also, notice that additional terms can be added to I ct to handle the logarithmic divergences appearing for odd D, corresponding to the Weyl anomaly of the dual CFT. We can use the Fefferman-Graham expansion to write the metric of any asymptotically AdS spacetime near spatial infinity in the form
where
The coefficients g (a)
µν and h
µν depend only on the boundary coordinates x µ and the coefficient h
µν , related to the holographic Weyl anomaly, is present for odd D only. The normal vector to the constant r hypersurfaces is n A ∂ A = r/ℓ ∂ r and the induced metric is h µν = r 2 g µν r=R . Then, the conformal boundary metric of AdS D is obtained by taking the limit
Let us decompose the gauge field in the orthogonal componentĴ M and its projectionF M N on Σ R ,
The analysis of the asymptotic behavior of vector gauge fields [16, 17] shows thatF µν has a finite R → ∞ limit, while the currentĴ M goes to zero like r −d . Therefore, the renormalized background gauge field in the dual field theory, and the R-symmetry current read respectively
Now, by varying I with respect to the bulk metric and gauge field, we obtain the equations of motion 4 E
where the stress tensor of the gauge field is given by
Then, from the projection
of the Einstein equations, we obtain, using Gauss-Codazzî
We recognize in the term in parenthesis the Brown-York boundary stress tensor, which diverges as we take the R → ∞ limit, but will give a finite limit -the holographic stress tensor T µν -once we take into account the counterterm contribution [18] ,
Since the counterterm contribution is divergence-free by (2.36), we can add its divergence to the left hand side of (2.46) and, after multiplying the equation by √ −h, obtain a finite R → ∞ limit that reads
4 In D = 5 one has to take into account that there is a Chern-Simons term and the Maxwell equations read
where ∇ µ is the covariant derivative induced on the conformal boundary with metric γ µν . On the other hand, using the definition (2.41) it follows that∇ µĴ µ = 0, that becomes, in the R → ∞ limit, the conservation law for the R-current,
Note that equations (2.48) and (2.49) are simply the Ward identities associated to the bulk diffeomorphism and gauge invariance respectively [19] . These conservation equations for the boundary stress-energy tensor and R-current become the equations for magnetohydrodynamics in the background field F µν when a large black hole is present in the bulk. Indeed, as noted in [20] , stationary Kerr-AdS black holes have a holographic stress tensor that assumes the perfect fluid form. We will show in the next section that this is still the case for dyonic Kerr-Newman-AdS 4 black holes, and we believe it to be true in any dimension. This dual stress tensor, of the perfect fluid form, yields, when combined with equations (2.48) and (2.49), the equations of MHD. Then, if one perturbs these stationary solutions with long wavelength disturbances, in the spirit of [4] , the horizon can still be decomposed into patches that tubewise extend to the boundary which are approximated by boosted pieces of black branes. Therefore, to leading order in the derivative expansion, large magnetically charged black holes are dual to a magnetohydrodynamic theory. We shall check this explicitely in the next section for dyonic AdS 4 black holes. Higher orders in the perturbation theory produce higher-derivative dissipative terms in the stress tensor. A detailed analysis of this long wavelength sector of gravity, with a complete proof of the duality with MHD and the computation of the dual stress tensor up to third order in the derivative expansion has been performed by Hansen and Kraus in the AdS 4 case and appeared during the last stages of preparation of this manuscript [14] .
3 AdS black holes and black strings from MHD
Static dyonic black holes in AdS 4
The equations of motion following from the Einstein-Maxwell action with negative cosmological constant Λ = −3ℓ −2 ,
admit the static dyonic black hole solutions
and
The horizon is thus S 2 (k = 1), R 2 (k = 0) or H 2 (k = −1). m, q e and q m denote the mass parameter, electric and magnetic charge respectively. The one-form gauge potential reads
The strength of the magnetic field B in the dual CFT can be obtained (up to rescaling by powers of ℓ) by taking r → ∞ in the expression for the bulk field strength. This leads to B = q m /ℓ 3 . The electric charge density ρ e of the state in the field theory is given by ρ e = J t , where J µ is the R-current that can be computed as follows. On-shell we have for the variation of the action with respect to the gauge potential
where h denotes the induced metric on the boundary, and n is the outward pointing unit normal to the boundary. One has thus in the limit of large r
(3.7)
To get the CFT R-current, one has to rescale this by r 3 /ℓ 2 , so that
where we used the AdS/CFT dictionary
Note that the result (3.8) was obtained for k = 0 in [10] . In order for the potential to be regular at the horizon r = r h , A t must vanish there. This requires that we add the pure gauge term (q e /r h ℓ)dt to A/ℓ. This term is non-normalizable and has the dual interpretation of adding a chemical potential for the electric charge, ζ = q e /r h ℓ, to the field theory [10] . The R-charge is R = ρ e V , with the spatial volume 5
This yields
The entropy S and energy E of the black hole read
In what follows, we shall be interested in a magnetohydrodynamical description of the above black holes. Like in [13] , we may estimate the mean free path for the fluid as l mfp ∼ η/ρ, where η is the shear viscosity and ρ is the energy density of the fluid. For fluids described by a gravitational dual, one has η = s/4π, where s is the entropy density [21] . Consequently, l mfp ∼ s/4πρ, and an MHD description will be valid if this value is much smaller than the radius of the S 2 or the H 2 curvature radius 6 , s/4πρ ≪ ℓ. Using the expressions for S and E, this implies
(3.14)
A sufficient condition for (3.14) to hold is r h /ℓ ≫ 1, i. e. , for large black holes. In this case we can neglect the k-contribution to the energy, and the thermodynamic fundamental relation becomes
One easily checks that
is the Hawking temperature of the black hole. From (3.15), we get the grandcanonical potential
with the function h given by
where H(ζ/T, B/T 2 ) = r h /(ℓ 2 T ) is determined by the fourth order equation
that follows from (3.17) . Note that Φ has indeed the form (2.2), as it must be.
We now want to obtain the dyonic AdS 4 black holes from MHD on
The metric on the conformal boundary is given by
so that the only nonzero Christoffel symbols are
In the (compactified) k = 0 case, l mfp must be much smaller than the length of any torus cycle.
For stationary, translationally invariant and axisymmetric configurations one has ∂ t T µν = ∂ φ T µν = 0 (we also assume ∂ t F µν = ∂ φ F µν = 0), and the MHD equations ∇ µ T µν = F ν µ J µ become thus
The macroscopic electric charge current and the entropy current are given respectively by
where u µ = γ(1, v) is the 3-velocity of the fluid, r denotes the electric charge density and s is the rest frame entropy density. Both currents are conserved,
As there are no dissipative terms in the charge-and entropy currents, we have for the entropy 28) and for the electric charge
The Killing vectors of interest are ∂ t (energy E) and ∂ φ (angular momentum J on the S 2 , R 2 or H 2 ). The conserved charge related to a Killing vector k is proportional to d 2 x √ −g T t µ k µ , and
The shear tensor σ µν , heat flux q µ and diffusion current q µ D must vanish on any stationary solution of fluid dynamics. The requirement σ µν = 0 means that the fluid motion should be just a rigid rotation. By an SO(3) transformation 7 we can can choose this rotation such that the 3-velocity of the fluid is
The equilibrium fluid flow is symmetric under translations of t and φ, so that all thermodynamic quantities depend only on θ. We now evaluate the expansion, acceleration, shear tensor, heat flux (2.29) and diffusion current (2.27), with the result
where κ and D denote the thermal conductivity and the diffusion coefficient respectively, T is the local temperature and µ the local chemical potential. The requirement that q µ and q µ D vanish implies that
with τ constant. If F θσ u σ = 0, the last equ. is solved by µ = T ν, where ν is constant. The conditions (3.35) determine all the thermodynamic quantities as a function of the coordinate θ. We now want to shew that this configuration solves the equations of magnetohydrodynamics. To this end, we first notice that the dissipative part of the energy-momentum tensor vanishes once (3.35) is imposed, so that all nonzero contributions to the stress tensor result from the perfect fluid part plus interaction with the external electromagnetic field, and read 36) where P denotes the local pressure and T µν int. is given by
Eqns. (3.23) and (3.25) imply F t µ J µ = F φ µ J µ = 0, which are automatically satisfied if the susceptibility χ does not depend on t and φ, which we assume in the following. The only nontrivial equation of motion (3.24) becomes
Using the Gibbs-Duhem relation (2.19) as well as (2.25), equ. (3.38) can be cast into the form 39) which is automatically solved using (3.35). Therefore, the rigidly rotating configurations are stationary solutions of the magnetohydrodynamic equations. Moreover, as the diffusion current and the heat flux vanish, the only nonzero contributions to the transport R-charge-and entropy currents come from the perfect fluid pieces (3.26), which are easily seen to be conserved as well. From the grandcanonical potential (2.2) we find
In the nonrotating case ω = 0, we have γ = 1, F θσ u σ = F θφ u φ = F θφ γω = 0, B = B = const., and thus (3.35) implies that the local temperature T as well as ν and b are constant. We can then easily compute the energy, entropy, R-charge and magnetization, with the result
It is straightforward to verify 8 that the Hawking temperature of the black hole is given by T = τ , and the chemical potential associated to the R-charge is ζ = τ ν. Using the relations
following from (3.19) , (3.20) , one easily shows that E, S and R coincide with the corresponding expressions (3.15), (3.12) and (3.11) for the static black hole.
In the next subsection we will show that, using the function h determined from the static AdS 4 black hole as an input into the MHD equations, one can exactly reproduce the thermodynamics, boundary stress tensor and R-current of the rotating dyonic Kerr-Newman-AdS 4 solution.
Kerr-Newman-AdS 4
The Kerr-Newman-AdS 4 solution to the equations of motion following from (3.1) is given by 9
and a is a rotation parameter. The thermodynamical phase structure and stability of these black holes was studied in detail in [22] . In order to get the boundary geometry dσ 2 , one takes r = const. → ∞, and then rescales ds 2 by ℓ 2 /r 2 . This leads to 47) which is a rotating Einstein universe. In the limit of large r, the U(1) field strength behaves as
As before, the expectation value of the CFT R-current J µ can be computed by varying the action on-shell with respect to the gauge potential A µ and subsequently rescaling by r 3 /ℓ 2 . This yields
The chemical potential ζ of the dual field theory is given by [22] 
where χ = ∂ t + Ω H ∂ φ denotes the null generator of the horizon and A e ν is the electric part of the vector potential. The angular velocity of the horizon reads
In what follows, we shall be interested in the limit of large black holes, r h ≫ ℓ, when a hydrodynamical description is valid. As a 2 < ℓ 2 (otherwise ∆ θ can become negative), we have then also r 2 h ≫ a 2 , and the chemical potential (3.50) reduces to
The electric charge of the black hole (the field theory R-charge) is obtained by computing the flux of the electromagnetic field strength at infinity, with the result 10
The temperature, Bekenstein-Hawking entropy, energy and angular momentum are given by [22] 
where in the last steps we took the large black hole limit. Let us write the metric (3.43) in the ADM form
and the lapse function N and the angular velocity Ω are defined by
It was shown in [22] that the angular velocity ω entering the thermodynamics is 
to the solution (3.43), one gets a different slicing such that the boundary geometry is that of a static Einstein universe,
Note that (3.64) is related to (3.47) by a diffeomorphism plus a Weyl rescaling: On the boundary r → ∞ (which implies y → ∞), the coordinate transformation (3.63) reduces to
Applying this to (3.64) and subsequently rescaling with e 2ϕ = ∆ θ /Ξ yields (3.47). The two boundary metrics are thus conformally related. For the five-dimensional Kerr-AdS black hole, this was first noticed in [24] . In the new coordinates, the Faraday tensor on the boundary becomes
Due to the nonvanishing component F ΘT , we have now also an external electric field. This is not surprising; it results from the boost in (3.65).
In order to proceed, we need the thermodynamic variable B. We already stated in section 2.2 that B 2 is proportional to F µν F µν . To fix the prefactor, note that for the field strength (3.66), one gets 
The grandcanonical potential Φ(T , V, µ, B) is given by (3.18), with h(ν, b) defined in (3.19) , (3.20) , and
One can then compute the polarization tensor M µν , with the result
with the susceptibility
Note that χ is always negative, so that our fluid is diamagnetic. Moreover, for large (local) temperatures T (keeping µ and B finite), (3.20) gives H(µ/T , B/T 2 ) → 4π/3, and thus
i. e., the susceptibility obeys a diamagnetic Curie law with Curie constant C.
Let us now consider the MHD equations ∇ µ T µν = F ν µ J µ with the field strength (3.66). One easily shows that F ν µ u µ = 0 for ν = T, Φ, and that F Θ µ u µ is proportional to ω − a/ℓ 2 . Let us assume that this vanishes, i. e. , that the angular velocity of the fluid is given by ω = a/ℓ 2 , as is suggested by (3.62) . Then the transport current ru µ is orthogonal to the electromagnetic field, and (3.35) implies that ν = µ/T is constant. Moreover, from (3.69) and (3.67) we have
which is constant by virtue of (3.35) . Using this, it is straightforward to shew that the polarization current J µ micr. = −∇ σ M σµ is proportional to u µ in this case, and hence orthogonal to F ν µ as well. This means that F ν µ J µ = 0; due to orthogonal magnetic and electric fields compensating each other, there is no net Lorentz force acting on the fluid, and the MHD equations boil down to ∇ µ T µν = 0. It is interesting to consider this situation from the point of view of a reference frame which is moving with the charged fluid (the rotating Einstein universe (3.47)). In this reference frame the fluid is static and therefore not subject to the magnetic force. Since the net electromagnetic force, which in this frame consists only of the electric force, must be zero, the electric field must vanish in the moving reference frame. This is indeed the case, as can be seen from (3.48).
12 Up to the prefactor ℓ, that stems from the fact that the boundary Faraday tensor is obtained from the corresponding bulk quantity by projecting on the boundary and then rescaling with ℓ −1 , in flat spacetime this would just be the statement that F 2 = 2(B 2 − E 2 ), and we defined B 2 to be what is usually called
It would be very interesting to see to which kind of black holes the fluid configurations with ω different from a/ℓ 2 correspond to. They might have to do with a nontrivial nut parameter, but we shall leave this point for future investigations.
One can now proceed to compute the conserved charges. From (3.28) -(3.31) one obtains
together with the magnetization
The temperature T and chemical potential ζ are given by T = τ and ζ = τ ν respectively, while the intensive variable conjugate to M is B = τ 2 b/Ξ. To show this, one can express dE − τ dS − τ νdR + M dB − ωdJ in terms of dτ , dν, db, dω and check that it vanishes. Note that T , ζ and B are distinct from T , µ and B. While the former quantities are asssociated to the whole fluid configuration, the latter are local thermodynamic properties of the fluid that vary on the boundary manifold. For the grandcanonical partition function one finds
which means that ln Z gc of the rotating fluid is obtained simply by dividing the grandcanonical partition function of the static fluid by the universal factor Ξ = 1 − ω 2 ℓ 2 , and replacing B by BΞ. This generalizes the results of [13] to nonvanishing magnetic fields. We must now compare the fluid charges with the corresponding black hole quantities. To do this, we first note that for large KNAdS black holes, the temperature has the same dependence on r h as in the static case (compare (3.54) with (3.17)), so that the function H = r h /(ℓ 2 T ) is again determined by (3.20) . Using this together with (3.19) and (3.42), one easily shows that the fluid charges R, S, E, J exactly coincide with the expressions for the black hole given in (3.53)-(3.57). This coincidence extends also to the energy-momentum tensor and the R-current: The holographic stress tensor of the KNAdS black hole was determined in [22] , and reads
and all other components vanishing. This corresponds to the boundary geometry (3.47), i. e. , to the rotating Einstein universe. To get the stress tensor for the static Einstein universe (3.64), recall that the latter is related to the former by a diffeomorphism plus a Weyl rescaling, dσ 2 = e 2ϕ dσ 2 , with e 2ϕ = ∆ θ /Ξ. Under a Weyl rescaling, the energy-momentum tensor transforms as T µν = e −(d−2)ϕT µν (see e. g. [13] ), which yields (taking d = 3)
which is easily shown to exactly coincide with the fluid stress tensor (3.36). The R-current (3.49) transforms asJ µ = e −dϕ J µ under a Weyl rescaling [13] . This gives for the R-current corresponding to the static boundary geometrỹ
This is again equal to the transport current J µ macr. = ru µ of the fluid.
Black strings in AdS 5
We now solve the Navier-Stokes equations on
This will yield predictions for black strings in AdS 5 , for which at present only partial results are known [25] [26] [27] [28] [29] [30] [31] . Since the function h(ν, b) entering (2.2) is unknown for d = 4, b = 0, we shall consider hydrodynamics rather than MHD, i. e. , we will restrict to the case of zero electromagnetic fields in this section. The metric entering the MHD equations is
where S(θ) was given in (3.4). The only nonzero Christoffel symbols are the ones in (3.22). For stationary, translationally invariant and axisymmetric configurations one has ∂ t T µν = ∂ z T µν = ∂ φ T µν = 0, and the Navier-Stokes equations reduce to (3.23)-(3.25) (with F µν = 0) plus the additional condition
The entropy and the R-charges read
85)
Now the Killing vectors of interest are ∂ t (energy E), ∂ φ (angular momentum J on the S 2 , R 2 or H 2 ), and ∂ z (momentum p along the string). The associated conserved charges are
The shear tensor σ µν , heat flux q µ and diffusion currents q µ I must vanish on any stationary solution of fluid dynamics. The requirement σ µν = 0 means that the fluid motion should be just a rigid rotation. By an SO(3) transformation we can choose this rotation such that the 4-velocity of the fluid is u µ = (u t , u z , u θ , u φ ) = γ(1, ω 1 , 0, ω 2 ) for some constants ω 1 , ω 2 . From u µ u µ = −1 and γ = (1 − v 2 ) −1/2 one obtains then v 2 = ω 2 1 + ℓ 2 ω 2 2 S 2 (θ). The equilibrium fluid flow is symmetric under translations of t, z and φ, so that all thermodynamic quantities depend only on θ. We now evaluate the expansion, acceleration, shear tensor, heat flux and diffusion current, with the result
90)
The requirement that q µ and q µ I vanish implies that
with τ and ν I constant. The conditions (3.93) determine all the thermodynamic quantities as a function of the coordinate θ. We now want to shew that this configuration solves the Navier-Stokes equations. To this end, we proceed as in [13] , and first notice that the dissipative part of the energy-momentum tensor vanishes once (3.93) is imposed, so that all nonzero contributions to the stress tensor result from the perfect fluid part, and read
The only nontrivial equation of motion (3.24) becomes
Using the Gibbs-Duhem relation (2.19), (3.94) can be cast into the form
which is automatically solved using (3.93). Therefore, the rigidly rotating configurations are stationary solutions of the equations of fluid dynamics. From the grandcanonical potential We saw in the previous section that for large AdS 4 black holes, the function h is insensitive to the curvature parameter k. The same is to be expected for large black strings in AdS 5 , so that we can infer the function h(ν I ) from the k = 0 case, which is simply the AdS 5 black hole with flat horizon. This yields [13] h(ν
where the auxiliary parameters κ I are related to the ν I by
(3.100)
The conserved charges corresponding to our fluid configurations are
where L is the length of the S 1 parametrized by z, and we have defined the integrals
These integrals, which can be performed in terms of elementary functions, satisfy the relations
The chemical potentials corresponding to the rotating/boosted fluid solutions are defined by
One easily verifies that 13
Using this, we find for the grandcanonical partition function
In the k = 0 case, the integration is trivial and Z gc reads
where V is the volume of the three-torus. For k = 1, we have
where V = 4πLℓ 2 is the volume of the S 1 × S 2 . Note that this reduces, for ω 1 = 0, to
while for ω 2 = 0 it becomes
We see that the formula correctly reproduces the 1/(1− ω 2 ) behaviour characteristic of the rotation on spheres and the 1/(1 − ω 2 ) 2 behaviour of the boost along a circle (compare also with the results of [13] for Kerr-AdS black holes and with [23] ). Our results of this section yield predictions for rotating black strings in AdS 5 with momentum along the string, that carry three electric charges (more precisely, there are electric charge densities along the string). While the general solutions of this type are still to be discovered, there are some partial numerical results available, namely for static charged black strings with all three charges equal [29] . It would be very interesting to compare the thermodynamics of these solutions with our hydrodynamical predictions. Unfortunately, the gravity solutions have been constructed only numerically, so that the comparison involves a fair amount of numerical work that goes beyond the scope of this paper. 4 Gregory-Laflamme on magnetized plasma tubes 4.1 Description of the problem. Scherk-Schwarz compactification of a CFT It was observed in [2, 32, 33] that, in the long wavelength regime, d-dimensional fluid dynamics is also an effective theory describing the Scherk-Schwarz (SS) compactification of a (d + 1)-dimensional CFT. This theory is dual to SS compactification of AdS d+2 gravity. At finite temperature the theory has two vacuum solutions, namely i) the black brane solution that describes the deconfined phase of the dual gauge theory and ii) the AdS soliton that describes the confined phase [32] . In the neighborhood of the critical phase transition temperature the two phases can cohabit in equilibrium with a domain wall interface. Black holes in SS compactified AdS d+2 are then dual to deconfined plasma configurations immersed in the confined phase. The phase diagram of plasma equilibrium solutions includes plasma balls, pinched plasma balls, plasma rings and plasma tubes [2, 6, 33] . These plasma solutions are dual to SS compactified AdS black objects whose explicit solution is not yet known. However, quite interestingly, these phase diagrams reveal to have properties that are quite similar (although with some differences linked to the AdS nature of the system) to the known phase diagram solutions of asymptotically flat black holes. In [6] we have argued that this is not a coincidence since asymptotically flat black holes may indeed admit a fluid description in the limit of large number of dimensions. It is therefore important to explore the properties of plasma objects since they might provide a lighthouse to understand better even asymptotically flat black holes. We will return to this discussion in the end of this section.
In a previous paper [6] , we have shown that plasma tubes suffer from the long wavelength Rayleigh-Plateau instability that makes them pinch-off when their length is bigger than their radius. We have further observed that these solutions are the natural duals of SS AdS black strings and that the plasma instability is dual to the Gregory-Laflamme instability of a black string. The aforementioned analysis was constructed on the top of a series of studies [34] [35] [36] [37] [38] [39] where the remarkable analogy between fluid tubes and black strings was observed and analyzed. After [2, 33] , [6] promoted this curious analogy to an actual duality.
In this section we want to go a step forward and discuss the effect that a magnetic background introduces in the Rayleigh-Plateau instability of a plasma tube. This will provide solid predictions for the features of the dual magnetic black strings, associated Gregory-Laflamme instability and phase diagram of associated magnetically charged solutions.
We will take our boundary geometry to be R t × R 2 × S 1 , described by the metric
In this background, we consider fluid configurations that are uniform plasma tubes with topology S 1 × D 2 , i.e., a disk extended along the periodic z-direction and immersed in the vacuum or confined phase. We also take them to be translationally invariant along the SS direction (not represented in (4.1)). Furthermore, we assume that there is a constant magnetic field along the z direction. The dynamics of this plasma configuration is governed by the equations of relativistic magnetohydrodynamics (MHD) in (3 + 1)-dimensions. As mentioned above, in the long wavelength regime, MHD is an effective theory describing the SS compactification of a (4 + 1)-dimensional CFT. Moreover, in the dual gravity description these plasma tube configurations correspond to black strings in a background that asymptotes to a SS compactification of AdS 6 . The horizon topology of these strings is S 1 × S 3 . The reason being that on the interface between the plasma phase and the vacuum, the SS circle shrinks to zero size as we enter in the holographic direction and reach the horizon radius.
MHD for Scherk-Schwarz plasmas
In this subsection we find the MHD equations that describe the long wavelength magnetohydrodynamic limit of a Scherk-Schwarz compactification of a (d + 1)-dimensional CFT. In the end we specialize to the d = 4 case. Neglecting subleading dissipation and diffusion contributions (in particular, in equilibrium these contributions vanish) the energy-momentum tensor of the fluid in the presence of an external electromagnetic field is the sum of the perfect fluid, Maxwell interaction and boundary surface contributions, 14
Here, u µ is the fluid velocity, ρ, P and σ are the density, pressure and surface tension of the fluid, F µν is the external Maxwell field and M µν is the associated polarization tensor. The fluid boundary is defined by f (x µ ) = 0, it has unit normal n µ = ∂ µ f /|∂f |, and h µν = g µν − n µ n ν is the projector onto the boundary. The MHD equations follow from the covariant divergence of the stress tensor,
where J ν is the charge current defined in (2.7). From these equations we can derive the relativistic continuity, Navier-Stokes and Young-Laplace equations. In the absence of an electromagnetic field this derivation was presented in detail in [6] . With the extra Maxwell contribution the derivation follows similarly and we get (using footnote 2)
where K is the boundary's extrinsic curvature and Π is the generalized fluid pressure. It is the sum of the usual pressure P and the magnetic pressure (that is due to the Lorentz force exerted by the electromagnetic field on the polarization current). Π < − Π > is the generalized pressure jump when we cross the boundary from the exterior (with pressure Π > ) into the interior (with pressure Π < ). In the derivation of (4.6), the constraint that the fluid velocity must be orthogonal to the boundary normal is used (this guarantees that the fluid is confined inside the boundary),
14 The perfect fluid and Maxwell interaction terms were already introduced in (2.7). In section 2, where we studied the MHD equations of a CFT on M d , these were the only non-dissipative contributions. Here we want to study them in the case where we have a SS compactification of a (4 + 1)-dimensional CFT. Then there is also a surface contribution. It arises because in this case we have an interface between the plasma and the vacuum phases.
Equations (4.4)-(4.7) constitute the set of relativistic MHD equations governing the fluid dynamics. A particular solution of these equations describes a static uniform plasma tube in the background (4.1) with radius R 0 and extended along the z-direction, and with a constant magnetic field B (0) in the same direction. This solution is characterized by
So, the non-vanishing Maxwell tensor components are F Rφ = −F φR = B (0) √ −g and F µν F µν = 2B 2 (0) . We use the subscript (0) to emphasize that this is a static unperturbed solution of MHD. In these conditions some terms in (4.4)-(4.6) simplify considerably. In particular, In subsection 4.4 we will perturb equations (4.4)-(4.7) and study the Rayleigh-Plateau instability of a relativistic plasma tube in the presence of a magnetic field.
Equation of state for a Scherk-Schwarz plasma
In this subsection we discuss the grandcanonical potential and equation of state of a Scherk-Schwarz compactification of a (d + 1)-dimensional CFT. The d = 4 result will be needed in the next subsection.
Start with a (d + 1)-dimensional CFT on M d × S 1 , where S 1 is the SS circle, in the presence of a conserved R-charge density r (and associated chemical potential µ) and of a constant magnetic field B. Conformal invariance and extensivity demand that the grandcanonical potential,
is given by
where we defined ν = µ/T and b = B/T 2 . So, a CFT on M d × S 1 has the same thermodynamical potential as a CFT on M d+1 (that we analyzed in section 2.1 15 ). The compact SS direction does however introduce a Casimir or vacuum energy density ρ 0 16 . Therefore, the equation of state of
It follows from Φ = Φ(T , V, µ, B) and (4.10) that the pressure of the conformal fluid on M d+1 is given by
Replacing this in the equation of state (4.11) we obtain for the local temperature
(4.13)
We can now do a dimensional reduction along the SS direction. This yields a field theory (that is not conformal) and which has a grandcanonical potential given by
Upon this reduction, the local temperature of the plasma does not change and is still given by (4.13). From Φ red = Φ red (T , V, µ, B) one has,
Replacing (4.13) in the expression (4.15) for the pressure we get the equation of state, 16) which is valid in or out of equilibrium. A similar replacement could be done for the other equations in (4.15).
It is important to observe that the hydrodynamical equilibrium of the magnetized uniform tube also implies its thermodynamic equilibrium [6] . Indeed, the static condition ∂ µ P = 0 that follows from the Navier-Stokes equation, together with the Gibbs-Duhem relation (2.19), written as ∇ ν P = s ∇ ν T + r ∇ ν µ + M∇ ν B, implies that the local temperature T is constant. Our uniform tube is static and thus the plasma temperature T equals the local temperature T . Demanding then that (4.13) is constant we find the relation (for constant c)
for an equilibrium static solution. The two last relations will be used later in the d = 4 case.
Rayleigh-Plateau instability in a magnetic background
We now address the stability of a uniform plasma tube with a constant magnetic field along the tube direction when we perturb it. The dynamics of the perturbations are dictated by the MHD equations subject to appropriate boundary conditions. Once perturbations settle in, the static plasma tube is taken away from thermal equilibrium and viscosity and diffusion effects start being also active. Therefore, the energy-momentum tensor of the fluid includes now not only the perfect fluid, the Maxwell interaction and the boundary surface tension terms (4.2), but also a dissipative contribution. The uniform plasma tube is afflicted by the Rayleigh-Plateau instability [6] . Surface tension is the mechanism responsible for this instability. Viscosity and diffusion play no role on the activation of the instability. Therefore, in our analysis we will neglect the dissipation contribution to the fluid stress tensor, and comment at the end on the effects it introduces. Our main aim is to find the effect that a magnetic field introduces on the instability, extending the analysis of [6] . Take a static uniform plasma tube with radius R 0 in a constant magnetic field B (0) along the tube z-direction. This unperturbed solution is described by (4.8) and by the equation of state (4.16), with d = 4.
Consider now perturbations on this plasma tube. A generic perturbation is described as 18) where the perturbation on a quantity Q is generically denoted by δQ. Note that the magnetic field is kept fixed. As there are no Maxwell equations on the boundary, it is treated as a non-dynamical parameter. Some of these perturbations are not independent. They are related by the equation of state (4.16), valid also out of equilibrium. Its perturbation yields the relation between the density and pressure perturbations, δρ ≃ 4δP . In deriving this, we made the assumption that δ(BM) = B 2 δχ vanishes. This seems reasonable for small magnetic fields, or in a regime where the susceptibility varies only slowly as a function of the temperature and the other thermodynamic variables. We shall comment later on possible effects that a relaxation of this assumption might have. The perturbed state must satisfy the continuity and Navier-Stokes equations, (4.4) and (4.5). The Young-Laplace equation (4.6) and the constraint (4.7) provide boundary conditions for the perturbed problem. After eliminating the 0 th order terms using the unperturbed MHD equations, the continuity and Navier-Stokes eqns. yield, up to first order in the perturbation,
20)
Since any perturbation can be written as a Fourier series, in the most general case we will consider a perturbation that disturbs the boundary surface of the plasma tube according to
Positive ω describes an instability with wavenumber k. The possible unstable mode is axisymmetric if m = 0. Naturally, we look for perturbations of the fluid quantities that have the same form as the boundary disturbance,
which determines ∂ µ δQ for µ = t, z, φ.
Solving (4.21) with perturbations (4.23) and (4.19) we find that the velocity perturbations at leading order are
where we defined the Alfvén wavenumber of the system,
Note that (4.24) satisfies the perturbed version of u µ u µ = −1, namely u
µ δu µ = 0. Replacing (4.24) in the continuity equation (4.20) and using (4.19) we get
This is a modified Bessel equation. Its solutions are the modified Bessel functions of the first kind, I m (ηR), and second kind K m (ηR). K m (ηR) diverges as R −m as R → 0 and we discard it (for m = 0, this solution would give a regular δP but δu µ would still diverge; so we drop it also in this case). Therefore, the regular solution of (4.26) at the origin is 27) where A is a constant to be fixed. Replacing the pressure perturbation in (4.24) yields for the radial component of the velocity, 28) where I ′ ν (y) ≡ ∂ y I ν (y). The solutions just found must satisfy a total of two appropriate boundary conditions. The first demands normal stress balance on the boundary. This means that the generalized pressure perturbation must also satisfy the third perturbed hydrodynamic equation, namely the one that follows from perturbing the Young-Laplace ewquation (4.6), BC I :
Here, δΠ| bdry ≃ δP| bdry up to order ǫ 2 . The reason being that the external magnetic field is non-dynamical and thus fixed and the perturbation on the boundary normal is of order ǫ 2 . 17 On the rhs we evaluate the expression at the perturbed boundary R = R(t, φ, z) defined in (4.22) and we subtract the unperturbed contribution evaluated at R = R 0 . The extrinsic curvature is obtained from its definition, K = h ν µ ∇ ν n µ , with the unit normal of the boundary (4.22) ,
This condition fixes the ratio A/ǫ to leading order as
The second boundary condition is a kinematic condition requiring that the normal component of the fluid velocity on the boundary satisfies the perturbed version of (4.7), u
µ and the unperturbed normal is n
µ . This ensures that the velocity perturbation leaves the fluid confined inside the boundary. This boundary condition then reads BC II : 31) where the lhs follows from (4.28) evaluated at the boundary. This boundary condition together with (4.30) yields the desired dispersion relation ω(k) for the Rayleigh-Plateau instability in the presence of a constant magnetic field along the plasma tube direction, We conclude that the Rayleigh-Plateau instability is active (ω > 0) for wavenumbers k satisfying the condition
Since m is an integer this means that only axisymmetric modes (m = 0) are unstable. In a previous paper [6] we have shown that the condition (4.33) for the threshold wavenumber can be found by noting that unstable modes are those that reduce the potential energy of the system for fixed volume (equivalently, they are those that maximize the entropy for fixed conserved charges). In the present system we have a competition between the surface tension and magnetic potential energies. However, to leading order O(ǫ) in the perturbation, the magnetic energy does not change. Indeed, the magnetic field is kept fixed without being dynamically perturbed, see (4.18) , and the volume change that also contributes to the magnetic energy variation is subleading, i.e., O(ǫ 2 ) (see footnote 17), when compared with the O(ǫ) change in the surface tension energy. Therefore, only the surface 17 This point deserves a closer look. One has δΠ| bdry = δP| bdry − δ (M µα F ν α nµnν ) | bdry ; see (4.6). Assuming δχ ∼ 0, consistent with the approximation taken in (4.19) , the magnetic contribution can be written as
. So the magnetic contribution to δΠ| bdry is indeed of order ǫ 2 and thus subleading when compared with the rhs of (4.29) , that is of order ǫ. in the plot, B) . The instability strength and decreases as the magnetic field grows. We use (4.32) and the numerical data correspond to take
(see text). tension potential energy can decrease (to leading order in the perturbation), and thus the condition (4.33) for the instability is independent of the introduction of a background magnetic field 18 . With or without a non-dynamical magnetic field, the Rayleigh-Plateau instability is a long wavelength instability that afflicts the plasma tube when its length is bigger than its transverse radius.
The presence of the non-dynamical magnetic field does however reduce the strength of the instability. Indeed, in the plot of the dispersion relation (4.32), see Fig. 1 , we find that an increment in the magnetic field B (0) weakens the instability. For high values of B (0) the instability strength becomes considerably weaker. Strictly speaking we cannot however say that it disappears for a critical value of B (0) since the threshold mode (4.33) is always non-vanishing independently of B (0) .
A word of caution is in order. From the equation of state (4.16) and the equilibrium condition (4.17) one gets for d = 4: for constant a) . Note that unfortunately we do not know the function h(ν, b) in five dimensions and this prevents an accurate computation. Depending on its form, the condition ρ (0) + P (0) > 0 might require a maximum allowed B (0) . To plot Fig. 1 we took 5ah(ν, b) ≡ 1, i.e., ρ (0) + P (0) = 5 − 2B (0) M (0) , and this indeed implies a critical B (0) . However, we should have in mind that h is not a constant but h = h(ν, b). There might thus not exist a maximum B (0) .
Unstable plasma tubes and their gravitational duals
The magnetized plasma tubes we have been discussing are dual to magnetic black strings in SS compactified AdS 6 . The Rayleigh-Plateau (RP) instablity of the plasma tube is dual to the GregoryLaflamme (GL) instability of the black strings. Unfortunately the magnetic black string solutions in SS compactified AdS 6 have not been constructed yet, and thus we cannot compare our plasma results with their gravitational duals. Therefore, our study provides solid predictions for the features and stability of SS AdS 6 magnetic black strings.
There is however growing evidence that justifies the comparison of our plasma results with the properties of magnetically charged black strings in an asymptotically flat background. Let us pause here to review the evidence that seems to permit this extrapolation. In [2, 33] the phase diagram of axisymmetric rigidly rotating plasma configurations was found. The set of solutions is given by plasma balls, pinched balls and plasma rings. Quite remarkably, the entropy vs angular momentum (for fixed energy) phase diagram displays remarkable similarities with the phase diagram of asymptotically flat [40, 41] and AdS [42] black hole solutions.
More closely connected with our present study, [6] analyzed the RP instability of a neutral plasma tube and the associated phase diagram of non-uniform plasma tubes and localized plasma balls. The plasma instability has properties remarkably similar to the GL instability of a neutral, asymptotically flat black string [7] (see [43, 44] for reviews). A brief account of these similarities includes [6] : (i) the dispersion relation of the two instabilities are quite similar and, not less important, both evolve similarly as we add extra dimensions (compare Fig. 5 of [6] with Fig.  3 of [45] ); ii) for static configurations, only axisymmetric modes are unstable and there is even a quantitative match for the threshold wavenumber as the number of dimensions gets large; for rotating solutions, non-axisymmetric modes can become unstable in both instabilities; iii) there are similar critical dimensions for the entropically favored solutions; iv) the phase diagram containing the solutions living in a compact dimension, namely (non-)uniform extended configurations and localized configurations is astonishingly similar (compare the S(J) diagram of Fig. 1 of [6] with Fig. 3 of [46] ); the known initial time evolution of the GL instability of an asymptotically flat black string is similar to the dynamical evolution of the RP instability (compare Fig. 4 of [47] with Fig.  1 of [48] ). General arguments suggest that in the limit of large number of dimensions the fluid description of asymptotically flat black holes should become more and more accurate.
The just mentioned facts motivate us to compare our results for the RP instability of a magnetized plasma tube with the know studies [45, 49, 50] of the GL instability of magnetically charged asymptotically flat black strings/branes. In [49, 50] it is found that a magnetic charge weakens the strength of the GL instability. In view of the above evidence, this is in agreement with our plasma result: a magnetic field also decreases the strength of the RP instability of the plasma tube.
Besides showing that the GL instability gets weaker as magnetic charge is added to the system, [45, 49, 50] have also been able to show that it actually disappears in the extremal case, when the charge has its maximum allowed value (for some systems it is absent even before the extreme state is reached [50] ). This property leads to an interesting new relation. Indeed, a dynamical instability like GL is expected to be accompanied by a local thermodynamic instability. This motivated Gubser and Mitra [51] to propose the conjecture that a black brane/string with a non-compact translational symmetry is classically stable if and only if it is locally thermodynamically stable. A detailed analysis of this conjecture was further done in [52] . In these studies it was indeed found that there is a change in the sign of the specific heat of the black brane precisely for the critical charge where the GL instability disappears. It is thus interesting to discuss a natural version of the Gubser-Mitra conjecture in the uniform plasma tube setup. Unfortunately, we are not able to address this interesting issue. The reason is two-folded. First, to compute the specific heat of the uniform plasma tube we would need to have the relation between the entropy and the energy of the system. To get the entropy we would need to integrate the entropy density given by the first relation in (4.15) . This requires knowing the precise form of the thermodynamic function h(ν, b), defined in (4.9), in five dimensions. Unfortunately, this is currently unknown. Second, although the RP instability gets weaker as the magnetic field increases we do not find a finite critical value above which it is not active (see however the discussion at the end of subsection 4.4). We do find that the instability strength reduces substantially as B grows not too large. Although in practice we can say that it disappears for large magnetic field, strictly speaking we are not allowed to say that it is gone since the threshold wavenumber keeps finite (see Fig. 1 ). The RP modes become sort of marginally stable in the sense that unstable modes are present but with very small strength. So, at most we would be able (if we knew h(ν, b)) to check that the specific heat also never becomes positive for the uniform plasma tube as the magnetic field grows. In the uncharged case, h(ν, b) is a constant, and we found in [6] that the heat capacity is indeed always negative. Adding a small magnetic field should not change this, but we cannot explore the situation for larger fields.
The absence of a critical magnetic field in the RP instability deserves however a much more careful look. As described above this occurs because the threshold wavenumber, where the RP is marginally stable, persists invariant under changes of the magnetic field. This is an odd feature 19 and it is not hard to convince ourselves that this is a consequence of neglecting the susceptibility perturbations (see discussion associated with (4.19) and footnote 17). Indeed, from footnote 17 we see that when δχ = 0 there is a contribution proportional to the square of the magnetic field strength in the lhs of (4.29) . This contribution persists in the following equations and the threshold wavenumber (4.33) gets then reduced when the magnetic field increases. Unfortunately, when we consider δχ = 0, the perturbed system is left undetermined even after using the Bianchi identities and the conservation of the polarization current (in footnote 2). We would need to know some microscopic information to express δχ in terms of perturbations of other thermodynamic quantities -a relation that we do not have. For this reason, and because δχ is nevertheless expected to be small (as justified previously), we took δχ ∼ 0 in our analysis. This approximation nevertheless allowed to find that a magnetic field decreases the RP instability strength, and we have a good control on the effects that a non-vanishing susceptibility perturbation introduces in the system: the instability strength still decreases when B grows and, on the top of this, the critical wavenumber also decreases.
Usually an unstable mode signals a bifurcation to a new branch of configurations in the phase diagram of solutions. Without magnetic fields this is indeed the case and the RP unstable mode of the uniform plasma tube leads to a branch of non-uniform plasma tubes that joins a third branch of plasma balls localized on the compact tube direction [6, 54] . Although not studied here, again because we do not know the function h(ν, b), we naturally expect that similar new branches of solutions, representing magnetic non-uniform tubes and magnetic localized plasma balls, exist also in the phase diagram of magnetized plasma configurations.
To end this section, we address the effects that viscosity introduces in the Rayleigh-Plateau instability. These were already discussed in more detail in [6] , so we will be brief in our comments.
Generically, at least classicaly, the viscosity increases the wavelength of the most unstable mode, and weakens the strength of the instability [53] . It has a subleading effect on the activation of the instability (however, the instability can get considerably weaker if the viscosity is very high), but plays an important role at later stages in the time evolution of the instability, namely in the pinch-off phase of the plasma tube [48] . Typically, the lower the viscosity is, the higher is the number of plasma balls formed. Your fluid is non-conformal so we have bulk and shear viscosity and thermal dissipation. Dissipation increases considerably the technical challenge of solving (even numerically) the MHD perturbed equations: we get a coupled system of differential equations with a fourth order derivative term.
Regime of validity
To conclude this section, the regime of validity of our results should be kept in mind.
First of all, the fluid description of the deconfined plasma must be accurate, and hence the thermodynamic quantities must vary slowly over the mean free path ℓ mfp of the constituent particles, which is of the order of the mass gap of the theory, or equivalently of the order of the deconfinement temperature T c ∼ ρ 0 σ . That is, all length scales λ in the fluid must be λ ≫ T Since the most unstable mode dominates the instability we must guarantee that this condition is verified in the vicinity of the maximum of the dispersion relation. We find that for σ ρ 0 R 0 10 −4 this relation is satisfied, and things get better as σ ρ 0 R 0 becomes smaller. In particular this is true in the dispersion relation plot of Fig. 1 .
Second, the interface between the confined and deconfined phases, i.e., the fluid surface, has a finite thickness of the order 1/T c [32] , and therefore the delta-like surface approximation we used is valid provided that the curvature of the surface is small with respect to the scale 1/T c . So, for plasma tubes the analysis is good when the boundary radius R o is everywhere large when compared with T −1 c , σ 36) which is perfectly compatible with (4.35). Finally, we neglected the dependence of the surface tension on the temperature and other thermodynamic quantities of the fluid. For consistency we must then demand that on the boundary between the confined and deconfined phases the temperature of the plasma must remain everywhere close to the critical temperature T c , i.e., T /T c ∼ 1 at the tube boundary.
As discussed already in great detail in subsection 4.5, we also neglected the dependence of the magnetic susceptibility on the temperature and on other thermodynamic quantities. In the previous section we already identified the effects of taking this assumption and of relaxing it.
Once these conditions are fulfilled, the plasma approximation holds and can be trusted to study the properties of black holes. The moral of this analysis is that there is a broad window of parameters for which the analysis of the Rayleigh-Plateau instability is well within the required validity regime.
